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Abstract 

The class of (d — l)-dimensional Buchsbaum* simplicial complexes 
is studied. It is shown that the rank-selected subcomplexes of a 
(completely) balanced Buchsbaum* simplicial complex are also Buchs- 
baum*. Using this result, lower bounds on the /i-numbers of balanced 
Buchsbaum* simplicial complexes are established. In addition, sharp 
lower bounds on the /i-numbers of flag m-Buchsbaum* simplicial com- 
plexes are derived, and the case of equality is treated. 

1 Introduction 

One commonly studied invariant of a finite, (d — l)-dimensional simplicial 
complex A is its /-vector /(A) = fo, . . . , fd-i), where fa denotes the 
number of z-dimensional faces in A. It is equivalent, and oftentimes more 
convenient, to study the /i-vector h(A) = (ho, ■ ■ ■ , ha) denned by the relation 

£- = oM d - J = £io/-i(A-i)^ 

When studying the /i-numbers of simplicial complexes, it is natural to 
study the class of simplicial complexes that are Cohen-Macaulay over a fixed 
field k. This includes the classes of k-homology balls and k-homology spheres. 
A more specialized class of simplicial complexes is the class of complexes 
that are doubly Cohen-Macaulay (2-CM) over k. This class was introduced 
and studied by Baclawski [3]. Any complex that is 2-CM over k is Cohen- 
Macaulay over k with non-vanishing top dimensional homology (computed 
with coefficients in k). For example, k-homology spheres are 2-CM over k, 
but k-homology balls are not 2-CM over k. 
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The advantage of studying topological manifolds is that they are locally 
homeomorphic to topological balls. Using this local property as motivation, 
it is natural to define the class of Buchsbaum simplicial complexes. We say 
that a simplicial complex A is Buchsbuam over k if the link of each vertex of 
A is Cohen-Macaulay over k. Hence k-homology manifolds are Buchsbaum 
simplicial complexes over k. If A is a Buchsbaum simplicial complex, it is 
convenient to study the /i'-numbers of A, denoted by h'j(A), (defined in Sec- 
tion [2]) which encode both the h- numbers of A and the underlying geometric 
structure of A. 

Athanasiadis and Welker [2] define the class of Buchsbaum* complexes 
that specialize Buchsbaum complexes in the same way that 2-CM complexes 
specialize Cohen-Macaulay complexes. They show that if A is Buchsbaum* 
over k, then the link of each vertex of A is 2-CM over k and that a homology 
manifold is Buchsbaum* over k if and only if it is orientable over k. 

Stanley [TT] introduces the class of balanced simplicial complexes and 
shows that the rank selected subcomplexes of a balanced Cohen-Macaulay 
complex are Cohen-Macaulay. This result easily generalizes to the classes of 
2-CM and Buchsbaum simplicial complexes. Our first goal in this paper is to 
show (Theorem 13. ip that the rank-selected subcomplexes of a Buchsbaum* 
simplicial complex are Buchsbaum*. This result answers a question posed in 
[2] in the affirmative. 

Barnette's Lower Bound Theorem |3] says that if A is a (d— 1) -dimensional 
homology manifold without boundary and d > 3, then h 2 (A) > hi(A). This 
gives a sharp lower bound on all the /-numbers of A in terms of d and n, 
the number of vertices in A. Equality in this lower bound is achieved by a 
stacked simplicial (d — l)-sphere on n vertices. 

Kalai [7] used the theory of rigidity frameworks to prove that h 2 > hi 
for simplicial homology manifolds without boundary and d > 3. Nevo [5] 
extended this result to the class of 2-CM complexes, and Athanasiadis and 
Welker [2] further extend this result to the class of connected Buchsbaum* 
complexes. Using these results, together with Theorem 13. 1[ we extend a 
result of Goff, Klee, and Novik [5], showing that 2h 2 > (d — l)hi for all 
balanced, connected Buchsbaum* simplicial complexes with d > 3. As in 
the case of Barnette's LBT, this bound is sharp, with equality achieved by a 
so-called stacked cross-polytopal sphere. 

Athanasiadis and Welker [2] show that h'j(A) > ( d ) when A is a flag, 
Buchsbaum* simplicial complex of dimension d — 1. Equality is achieved in 
this bound by V£ , the boundary complex of a d-dimensional cross polytope. 
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We generalize this result, showing that h'j(A) > {^mP when A is a flag, m- 
Buchsbaum* simplicial complex of dimension d—1 in Theorem l4.4l Moreover, 
we show that equality holds here only for the <i-fold join of m + 1 disjoint 
vertices, answering a question posed in [2] in the case that m = 1. 

The paper is structured as follows. In Section 2, we review the definitions 
and background information that will be necessary for the remainder of the 
paper. In Section 3, we study balanced Buchsbaum* complexes, proving that 
the rank selected subcomplexes of Buchsbaum* complexes are Buchsbaum* 
(Theorem l3.ll) . In Section 4, we prove lower bounds on balanced Buchsbaum* 
complexes (Theorem 14. Xp and flag Buchsbaum* complexes (Theorem |4.4p . 

2 Notation and Definitions 

We begin by reviewing some basic definitions on simplicial complexes. A 
simplicial complex A on vertex set V = V(A) is a collection of subsets 
r C V, called faces, that is closed under inclusion. We say that a simplicial 
complex A is pure if all of its facets (maximal faces under inclusion) have 
the same dimension. 

The dimension of a face r 6 A is dimr = |r| — 1, and the dimen- 
sion of A is dim A = maxjdimr : r G A}. The /-vector of A is the 
vector /(A) = (/_i, /o, • • • , fd-i) where dim A — d—1 and the f -numbers 
fi = fi(A) denote the number of z-dimensional faces of A. It is often- 
times more convenient to study the /i-numbers hj (A) defined by the relation 

Ylj=o hj^ d ~^ = J2i=o — It is easy to see that the /i-numbers of A 

can be written as integer linear combinations of its /-numbers and that the 
/-numbers of A can be written as nonnegative integer linear combinations 
of its /i-numbers. In particular, bounds on the /i-numbers of A immediately 
yield bounds on the /-numbers of A. 

If A is a simplicial complex and r is a face of A, the contrastar of r in 
A is costA(T) := {o~ G A : a r}, and the link of r in A is lk^ (t ) := {a G 
A:o-nr = 0,o-UrG A}. If A C V(A) is a collection of vertices in A, 
then A — A is the restriction of A to V(A) \ A. When A consists of a single 
vertex v G V(A), we simply write A — v instead of A — {v}. If T and A 
are simplicial complexes on disjoint vertex sets, their simplicial join is the 
(dimr + dim A + l)-dimensional simplicial complex 

T * A := {a U r : a G T, r G A}. 
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We are particularly interested in studying the class of balanced simplicial 
complexes, introduced by Stanley [TTj . 

Definition 2.1 A (d — 1)- dimensional simplicial complex A is balanced if 

there is a coloring k : ^(A) — > [d] with the property that k(u) ^ k(v) for all 
edges {u, v} G A. We assume that a balanced complex comes equipped with 
such a coloring k. 

The order complex of a graded poset of rank d is one example of a balanced 
simplicial complex. If A is a balanced simplicial complex and S C [d], 
it is often important to study the S-rank selected subcomplex of A, which 
is defined as the collection of faces in A whose vertices are colored by S. 
Specifically, 

A s = {reA: k{t) C S}. 
In [11] Stanley showed that 

hi{A) = h i(A s ); (1) 

\S\=i 

and that if A is Cohen-Macaulay, then so are its rank-selected subcomplexes. 

A more specialized class of Cohen-Macaulay complexes is the class of 
doubly Cohen-Macaulay (2-CM) complexes. A (d — l)-dimensional simplicial 
complex A is 2-CM (over k) if it is Cohen-Macaulay and A — v is Cohen- 
Macaulay of dimension d — 1 for all vertices ueA. Walker [H] showed that 
double Cohen-Macaulayness is a topological property, meaning that it only 
depends on the homeomorphism type of the geometric realization |A| of A. 
In particular, if a (d — l)-dimensional simplicial complex A is 2-CM, then 
cost a t is Cohen-Macaulay of dimension d — 1 for all nonempty faces r G A. 

Athanasiadis and Welker [2] define Buchsbaum* complexes as specializa- 
tions of Buchsbaum complexes, much in the same sense that 2-CM complexes 
are specializations of Cohen-Macaulay complexes. For the purposes of this 
paper, we will use the following definition of a Buchsbaum* complex. 

Definition 2.2 A (d — 1)- dimensional simplicial complex A that is Buchs- 
baum over k is Buchsbaum* over k if, for all p G | A|, the canonical map 
p* : if(i_i(|A|; k) — > Hd-i(\A\, |A| — p; k) is surjective. 

Henceforth we will fix a field k. When we say that a simplicial complex 
A is Buchsbaum* without qualification, we implicitly mean that A is Buchs- 
baum* over k. Moreover, we will implicitly compute all homology groups 
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with coefficients in k, and we will suppress this from our notation for conve- 
nience. 

First we will give an equivalent definition of the Buchsbaum* property in 
a combinatorial language. 

Lemma 2.3 Let A be a (d — 1)- dimensional Buchsbaum simplicial complex. 
The following are equivalent. 

(a) A is Buchsbaum*; 

(b) For all faces a C r of A, the map 

j* ■ #d_i(A,cost A (») # d _i(A,cost A (r)), 
induced by inclusion, is surjective; 

(c) For all faces t G A , the map 

p* : # d -i(A) # d _i(A,cost A (r)), 
induced by inclusion, is surjective. 

Proof: The equivalence of (a) and (b) is Proposition 2.8 in [2]. Taking 
o" = shows that (b) implies (c). Next, consider any point p G |A|, and let 
t be the unique minimal face of |A| whose relative interior contains p. Then 
|A| —p retracts onto cost A (r) and (c) implies (a). □ 

The Zi'-vector of a Buchsbaum complex A encodes both the underlying 
geometry of A and the combinatorial data of A. Let /3j(A) := dim^ Hi(A; k) 
denote the (reduced) k-Betti numbers of A. The /i'-numbers of A are defined 
by ^ 

ZiJ(A) := h,(A) + ( d ) ^(-lr^A^A). 

i=0 

We encode the hi- numbers of A into the /^'-polynomial h' A (t) := Ylj=o h'j(A)P . 

Athanasiadis and Welker [2] prove a number of very nice properties about 
Buchsbaum* complexes, which we summarize here. 

Theorem 2.4 Let A be a (d — 1)- dimensional Buchsbaum* complex with 
d > 2. Then 

1. ff d -i(A) ^ 0,- 

2. lk A f zs 2- CM for all vertices v G A; and 

A doubly-Buchsbaum, meaning that A — v is a Buchsbaum complex 
of dimension d — 1, for all vertices v G A. 
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3 Balanced Buchsbaum* Complexes 

It is well known (see, for example, [11]) that if A is a balanced, Cohen- 
Macaulay complex, then As is Cohen-Macaulay for any SC. [d]. It is easy to 
see that this result generalizes to the classes of 2- CM complexes and Buchs- 
baum complexes. The purpose of this section is to generalize this result to 
the class of Buchsbaum* complexes. 

Theorem 3.1 Let A be a (d — 1)- dimensional balanced, doubly- Buchsbaum 
complex. For any S C [d], the rank selected subcomplex As is Buchsbaum*. 

In particular, since a Buchsbaum* complex is doubly-Buchsbaum, Theo- 
rem [3J] implies that the rank selected sub complexes of a Buchsbaum* com- 
plex are Buchsbaum*. 

We begin with a series of lemmas, the first of which is well-known (see, 
for example, [8]). 

Lemma 3.2 Let T be a simplicial complex, and let r be a nonempty face in 
r. Then Hi(T, cost r (r)) = H, Hrl (\k r r). 

Lemma 3.3 Let A be a balanced, doubly Buchsbaum simplicial complex of 
dimension d—1, and let c G [d] . Choose vertices v±, . . . , Vi of color c, and let 
Aj_! = A \ {vx, Vi_i] and A f = A \ {v ± , . . . , Vi}. Then for S = [d] - c 
and any nonempty face r G As, 

J ff d _ 2 (cost Ai _ 1 (r),costA ! ( r )) = 0. 

Proof: By Lemma [3. 2 [ 

H d _ 2 (cost Ai_i(T), COSt A .(t)) = # d _ 3 (lk costAi i(T) Vi). 

Since A is balanced, lk costA ._ i ( r ) ^ = lk costA(r) v h and 

lk CO st A (r) Vi = {a £ A : a ~b r,Vi a,o- U Vi e A} = coster). 

Since lk A Uj is 2-CM of dimension d — 2, it follows that ^_ 3 (costik 1 , i (r)) = 0. 

□ 

Now we proceed with the proof of Theorem 13.11 
Proof: (Theorem I3.ip 

Fix a coloring k : V(A) — > [d]. We need only consider those S C [d] with 
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\S\ = d — 1. Inductively, this is sufficient as any Buchsbaum* complex 
is doubly Buchsbaum. Suppose S = [d] — {c} and consider the vertices 
{vi, . . . , Vk} G A with K(vi) = c. For 1 < i < k, let A* := A — {v\, . . . , Vi}, 
and when i — 0, set A := A. 

Let r be a nonempty face in As C Afe_i C • ■ ■ C Ai C A. We claim that 
for any < i < k, the canonical map 

pi : H^ 2 (Ai) -)• # d _ 2 (A i ,cost Ai (r)) 

is a surjection. We proceed by induction on i. 

When % = 0, A = A is Buchsbaum so H d _ 2 (A, cost a (t)) = 0, and the 
map p° is surely surjective. 

Suppose now that i > and consider the long exact sequence for the pair 
(costAi-iCr^costAiCr)): 

->■ F d _ 2 (cost Ai _ 1 (T),cost Ai (T)) ->■ ^ d _ 3 (cost Ai (r)) -4 H d -. 3 (cost Ai _ 1 (T)) -> • 

By Lemma 1X51 i?rf_ 2 (cost a^ (t), cost a^t)) = 0, and hence the map is an 
injection. 

Next, we consider the inclusion map (Aj, cost Ai (r)) ^ (Aj_i, costA^^r)), 
which induces the following commutative diagram of long exact sequences. 

H d _ 2 (Ai) * iy^lA^costAilr)) H d _ 3 (cost Az (r)) 

~ pt 1 ~ ~ 

H d _ 2 (\-i) " i?d- 2 (Ai_i,costA i _ 1 (r)) tfd-aCcostA^xCr)) 

By the inductive hypothesis, the map p* _1 is surjective and so the map 
di-i is the zero map. By commutativity of the above diagram, t* o di is the 
zero map, and since is an injection, the map di is also the zero map. Thus 
by exactness, p\ : H d _ 2 (Ai) — > H d _ 2 (Ai,cost Ai (r)) is a surjection. 

This establishes the claim. In particular, when i = k, we have shown that 
the canonical map p* : H d _ 2 (As) — > H d _ 2 (As,costA s (T)) is surjective, and 
hence As is Buchsbaum*. □ 
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Definition 3.4 ([2], Definition 5.5) Let A be a (d — 1) -dimensional sim- 
plicial complex, and let m be a nonnegative integer. We say that A is m- 
Buchsbaum* if A is Buchsbaum and A — A is Buchsbaum* of dimension d—1 
for any subset A C V(A) with \A\ < m. 

Corollary 3.5 Let A be a id — 1) -dimensional balanced simplicial complex 
that is m-Buchsbaum* over k. For any SC. [d], the rank selected subcomplex 
As is m-Buchsbaum* over k. 

Proof: By Lemma 5.6 in [2], A is (m + 1)-Buchsbaum over k. For any 
subset A C V(As) with \A\ < m, the complex A — A is doubly Buchsbaum. 
Thus (A — A)s = As — A is Buchsbaum* by Theorem 13.11 □ 

4 Lower Bounds 

Fix integers n and d such that d divides n. Let V% denote the boundary 
complex of the d- dimensional cross polytope. Following [5] , define a stacked 
cross-polytopal sphere ST x (n,d — 1) by taking the connected sum of ^ — 1 
copies of . In each connected sum, we identify vertices of the same colors 
so that iST x (n, d — 1) is a balanced (d — l)-sphere on n vertices. 

Athanasiadis and Welker ([2], Theorem 4.1) prove that if A is a connected, 
(d — 1) -dimensional Buchsbaum* complex with d > 3, then the graph of A 
is generically d- rigid. This generalizes Nevo's result that h 2 (A) > hi(A) 
when A is 2-CM (j9], Theorem 1.3). Using Theorem 4.1 from [2J in place 
of Nevo's result and the conclusion of Theorem 13. 1[ the techniques used 
to prove Theorem 5.3 in [5] give the following Lower Bound Theorem for 
balanced Buchsbaum* complexes. 

Theorem 4.1 Let A be a connected, balanced, Buchsbaum* complex of di- 
mension d — 1 with d > 3. Then d ■ h 2 (A) > (^\hi(A). In particular, if d 
divides n = fo(A), then fj(A) > fj(ST x (n, d—1) for all j . 

Hersh and Novik [6] define the short simplicial h-numbers of a simplicial 
complex A as hj(A) := J2 V £A hj(Yk&v) for < j < d— 1. Swartz [TJ] proves 
that the short simplicial /i-numbers satisfy 

Vi(A) = j ■ h 3 (A) + (d-j + l)Vi(A). (2) 

We use this formula, together with Theorem 14.11 to prove the following the- 
orem. 
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Theorem 4.2 Let A be a balanced Buchsbaum* complex of dimension d — 1 
with d>A. Then d ■ h 3 (A) > Qh^A). 

Proof: The link of each vertex v £ A is 2-CM, and hence by Theorem 5.3 
in [5], 2/i 2 (lk A 'u) > (d - 2)h l (\k A v) for all v £ A. Thus 

2-(3fc 3 (A) + (d-2)fc 2 (A)) = 2 -h 2 (A) > (d - 2)h 1 (A) 

= (d-2)(2h 2 (A) + (d-l)h 1 (A)), 

and the desired result follows. □ 

Bjorner and Swartz [13] have conjectured that the inequality > h\ 
holds for all 2-CM complexes with d > 3. When d = 4, the conclusion of 
Theorem 14.21 continues to hold without the assumption that A is balanced, 
establishing that h 3 > hi for all 3-dimensional Buchsbaum* (and hence 2- 
CM) complexes. 

Athanasiadis and Welker [2] prove that if a (d — l)-dimensional Buchs- 
baum* simplicial complex A is flag, then h' A (t) > (1 + t) d , where the inequal- 
ity is interpreted coefficient-wise. Motivated by a question in [T], they pose 
the following question. 

Question 4.3 ([2], Question 6.5 (i) ) Let A be a (d — l)-dimensional flag, 
Buchsbaum* simplicial complex. If h'j = ( d ) for some 1 < j < d — 1, is A 
necessarily isomorphic to V^l 

We will generalize the result of Athanasiadis and Welker to the class of m- 
Buchsbaum* simplicial complexes and answer Question I4.3l for this class. For 
fixed positive integers m and d, we define the simplicial complex Vim + 1, d) 
to be the d-fold join of m+1 disjoint vertices. We remark first that V(m+1, d) 
is (m+l)-CM and hence m-Buchsbaum* by Proposition 5.6 in (2], and second 
that V(2, d) = P*. 

Theorem 4.4 Let A be a (d — 1) -dimensional flag simplicial complex that 
is m-Buchsbaum* over the field k. Then h' A (t) > (1 + mt) d . Moreover, if 
h'j(A) = i^)rn^ for some 1 < j < d— 1, then A is isomorphic to V(m + 1, d). 

Proof: We prove the claim by induction on d. When d — 1, it is clear that 
/ (A) > m + 1, so suppose that d>2. 

Let F be a (d — 2) -dimensional face of A. Since \k A F is m-Buchsbaum*, 
there are at least m + 1 vertices v±, . . . , v m+1 in lk a F. Since A is flag, no two 



9 



of these vertices Vi are connected by an edge in A. In particular, this means 
that lkA-{i, 1 ,...,i, i }( , yj+i) = lkA^j+i- Following the techniques of Theorem 1.3 
in pQ or Corollary 3.3 in [2], 

h' A (t) = h' A _ Vi {t)+t-h lkvi {t) 

= ^A-{«i,«a}(*) + t ■ h \kv 2 (t) + t ■ h lkvi (t) 

= h 'A-{v 1 ,v 2 ,...,v m }( t )+ t - hkv m (t) + ■•• + *• h lkvi {t) 

> h lkVm+1 (t)+t-h lkVm (t) + --- + t-h lkvi (t) (f) 

> (1 + mt) d - 1 +mt(l +mt) d - 1 
= (l + mt) d . 

To obtain line (f), we use the fact that A is m-Buchsbaum* and hence 
(m + 1)-Buchsbaum. Thus A — {v±, . . . , v m } is a (d — l)-dimensional Buchs- 
baum complex and h[{A — {v±, . . . , v m }) > hi(\k/± v m+1 ) for all < i < d. 

Suppose next that h'-{A) = i^)rnP for some 1 < j < d — 1. When d = 2, 
the only case to consider is j = 1. It is easy to see that the complete bipartite 
graph on two disjoint vertex sets of size m + 1 is the only flag (i.e. triangle- 
free) m-Buchsbaum* graph with exactly 2(m + 1) vertices. 

Suppose now that d > 3. From the argument used above to show that 
hj > (f)m j , it follows that ^(A) = ( d )m j if and only if /^(IIca w) = 

and /ij_i(lkA u) = (^ij)^ -1 for all vertices u G A. In particular, one of the 
numbers j and j — 1 lies in the set {1, 2, . . . , d — 2}, and so h<A u is isomorphic 
to Vim + 1, d — 1) for all vertices u G A by our inductive hypothesis. 

Choose a vertex u\ G A, and let V := lkA U\. Let v be a vertex of T. Then 
v has (m + — 1) neighbors in A, and (m + l)(d — 2) of these neighbors 
lie in T. Let u±, u 2 , . . . , u m+1 be the neighbors of v in A that do not lie in 
T. Now consider a vertex v' G T that is adjacent to v. Then lkA{w,i/} 
has (m + l)(d — 2) vertices, and (m + l)(<i — 3) of these vertices lie in T. 
The remaining m + 1 vertices of lkA{w,w'} are adjacent to v, and the only 
such vertices are {u%, . . . ,u m+ i}. Thus Uiv' is an edge for all i. Since Y is 
connected, it follows that UiW is an edge for all roeT. We claim that A is 
connected, and since A is flag, it follows that A is isomorphic to V(m + 1, d). 

Finally, we show that A is connected. When j = 1, this is obvious as 
each connected component of A requires (m + 1) ■ d vertices. When j > 2, 
it is relatively easy to see that h'j(A) = J2h'j(A t ), where the sum is taken 
over all connected components A t of A. Each connected component of A is 
m-Buchsbaum*, and the claim follows. □ 
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Taking m — 1 answers Question 14.31 We note that the assumption that 
A is flag in Theorem 14.41 can easily be replaced by the assumption that A is 
balanced to yield the same conclusion. The following corollary is immediate 
and very interesting, especially when m is large. 

Corollary 4.5 Let A be a (d — 1) -dimensional flag (or balanced) simplicial 
complex that is m-Buchsbaum* over k. Then (— l) d_1 x(A) > m d . In partic- 
ular, if A is Cohen- Macaulay overh, then /3<i-i(A) > m d . 

5 Concluding Remarks 

Recall that a set of vertices r in a simplicial complex A is called a missing 
face if r ^ A but a G A for all a C r. A flag simplicial complex, for 
example, only has missing faces of size two. For any simplicial complex A, 
let A* q denote the simplicial join of q disjoint copies of A. Let £ J denote the 
j-dimensional simplex and <9£ J its boundary complex. 

In [10], Nevo studies the class of (d— l)-dimensional simplicial complexes 
with no missing faces of dimension larger than i. For fixed integers d and i, 
write d = qi + r where q and r are integers with 1 < r < %. Nevo defines 
a certain [d — l)-dimensional sphere S(i,d — 1) with no missing faces of 
dimension larger than i by 

S{i,d-1) := (dZ l )* q * dZ r . 

Goff, Klee, and Novik ([5], Theorem 3.1(2)) prove that h&(t) > h S (^d-i)(t) 
for all (d— l)-dimensional simplicial complexes A that are 2-CM with no miss- 
ing faces of dimension larger than i. This result and Theorem 14.41 motivate 
the following question. 

Fix integers m, i, and d and consider the class of (d — 1) -dimensional 
simplicial complexes that are m-CM with no missing faces of dimension larger 
than i. As before, write d = qi + r with 1 < r < i, and consider the simplicial 
complex 

S(m,i,d-1) := (SkeL_i(£ m+i - 2 )r * Skel r _!(S m+r - 2 ). 

Notice that S(2, i, d — 1) is Nevo's S(i, d — 1), and S(m, 1, d — 1) is V(m, d). 
Each join-summand Skeb_i(S m+i_2 ) is m-CM, and hence S(m, i, d — 1) is a 
(d — 1) -dimensional simplicial complex that is m-CM with no missing faces 
of dimension larger than i. It seems natural, therefore, to pose the following 
question. 
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Question 5.1 Let A be a (d — l)-dimensional simplicial complex that is 
m-CM with no missing faces of dimension larger than %. Is it necessarily true 
that 
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